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1. LetG be the centroid of the trianghBCin which the angle & is
obtuse and leAD andCF be medians from andC respectively onto the
sidesBC andAB. If the four point8B,D,G andF are concyclic, show that

AC
BC > /2. If, further, P is a point on the linBG extended such th&GCP

is a parallelogram, show that the triangd&CandGAPare similar.
Soln: If BPADB=qthen from triangle&ABD andADC we get

AB? = AD?+BD?*-2AD .BD. cosq

AC? = AD?+DC?+ 2AD . DC cosq

Adding, A
P 1.2
c?+b —2AD2+Ea .
. b? +c® g ¢
l.e. AU:T —I- B D C

Similarly, the other medians are given by

02+a2—£2,CF2= a?+bp? &
2 4 2 4
SinceB, D, G, Flie on a circle we have

AF .AB=AG.AD

BE? =

ButAG= %AD.

2
Henceplc2 =EAD2 =}(b2+ cz—a—)
2 3 3 2



3o_,2, 2 15 ,_ 1
2=+ cP-Za?0 b= (4
b2 > > a)

For the first part we have
b2 =c?+a?—2acosB=2»
— 2cacosB;
ie. b2 = 2cacosB,
a =ccosB +bcosC <ccosB

b
sinceC > 90° . Hence & < 2c cosB =b?; 5 > «/E.

This proves the first part.

For the second part, let the line passing thraigind parallel t&AG meet
BG produced irP. Given thatAGCPis a parallelogram. S&C andGP have
the same midpoirE. Hence

2
GP =2GE=§ BE

AG =§AD,AP=CG=§CF

Since
1
b2=5(c2+a2) we get
1 1
2 — " 24 -2 2= "2
AD 2b+2c 4a 4c
1 3
T2+ S22 ="p?
BE 202 2a 4 4b
1 3
2 — 24 TR 2= "2g2
CF a b? 402 4a
Hence
2 3 1 1 2 43 1
AG=—- . —C=—=cCc=—~=¢cGP==-—Db=—%h
3°2 NERERNE) 3 2 J3
PA:E_@a:ia
3°2 J3



AG GP PA 1
BA AC CB 3
So0AGPis similar toABC.

Thus

2. IfxX¥-x+x=aprove thak®3 2a-1

Soln: Giventhat =x(x*—x2+ 1) =x(x®* + 1) / & + 1). Ifx £ 0 then this
shows that £ 0 and hence&@— 1 < Of x%. Suppose that> 0, thera> 0
and

Ox? +10 0
X+ 1 aD—D aH‘

hencexé3 2a-—1.

3. Inany set of 181 square integers, prove that one can always find a
subset of 19 numbers, sum of whose elements is divisible by 19.

Soln: Consider the remainders obtained when the given 181 square

integers are divided by 19.1fis any integer then is congruent modulo 19

to one of the numbers 0, 1, 2, . . ., 18 and heh&econgruentto 0, 1, 4, 9,

16, 6,17, 11, 7 or 5. Hence there are only 10 possible values for the
remainders. Since there are 181 remainders at least one of them must repeat
19 times (or) more. Choose 19 numbers congruent to that remainder. This
proves the result.

4.  Find the number of nondegenerate triangles whose vertices lie in the
set of pointsg, t) in the plane such thatls£ 4, O£t £ 4,sandt are
integers.

Soln:  There are 25 points in the given set. We can choose 3 out of them in

5
?3 gways. Let us count the number of ways in which the 3 points chosen

will lie on a lineL :
4

(i) (i)
The given seScontains 5 horizontal lines having 5 points each. We can



choose 3 points from any of them@@ ways. Hence the number of ways

in whichL can be a horizontal line isgg =50. Similarly the number of

ways in which_ can be a vertical line is 50.
As shown in fig. (i)}Scontains 5 lines of slope 1; one line contains 5 points,
2 lines contain 4 points each and 2 lines contain 3 points each. So the

number of ways in which can be line of slope 1 gf 2 BC ZEBD =20.
Similarly, the number of ways in whithcan be a line of slope —1 is 20.

1
As shown in fig (ii) there are 3 lines of sloge each containing 3 points;
and there are 3 lines of slope 2, each containing 3 points. So the number of

1
ways in which_ can have slopg or2is GE‘;E =6 SimilarlyL can have

1 .
slope - or—2in 6 ways.

Since no other line can contain more than two poing thie number of ways
in which the 3 points chosen will lie on a line is 50 + 50 + 20 + 20 +

5
6 + 6 +=152. The required number of triangles is theregg%— 152 =2148.

5. A circle passes through the ver@of a
rectangleABCD and touches its sidéBand A
AD atM andN respectively. If the distance
from C to the line segmer¥IN is equal to 5
units find the area of the rectangiBCD.

Soln: LetO be the centre of the circle ard M
be the foot of perpendicular fro&ito MN.
ThenOM s perpendicular t&AB, ONis
perpendicular téA\D andOM = ON = the B
radius of the circle. SAMONis a square.

1
DMCN = P D MON=45°
DCMP+BCNP=135°=DCMP +BCMB=DCNP+DCND.

HenceDCNP=BDCMBandbCMP = B CND. Thus we see that the
right trianglesCNPandCMB are similar, an€MP andCND are similar. So

CN _CP CM _CP
CM CB’ CN CD



Multiplying, 1 =

. Hence the area of the rectangle is
CB.CD

CB.CD =CP*=%=25.

Alternately: LetAB=4a, BC=b, BM =x, DN =y andr = radius of the circle.
ProducingMO to meet the opposite side we can seexthaiy? = OC? =r2,
Thus

CM2 =P +x2=(r +y)?+x°
=2r2+ 2ry = 2or;

CN2 =a2+y*=(r +Xx)*>+y?
=2r2+ 2rx=2ar

CP
Also a =sinDCNP, CM = 2r sinb CNM.

HenceCM.CN=2r .CP=1(Q. Thus (a&r) (2br) = (10)2b ab=25.

6. Iff:R® Risafunction satisfying the properties

i) f(=x=-f(
(i) f(x+1)=f(x)+1

(iii) fB—E— 2 forxlo

XL

prove thaf(x) =x for all real values af. (Here R denotes the set of all real
numbers).

Soln: Letx! 0,x! —1.Then

fB1+1E:fB&E+1;
Ox [C " OxC
o i,

[x+10, Ox+ 103

Hence, f BX_HE f BTHl B~ B
-Beanle



(x+ 1¢f QX—@ f(x) +x2

xo . 1
But il _1_x+1'
X
So fDx+1@ Q_X_H@Jrl
1
:_fB—Dm@u
_ f(x+D)
T (x+D)?

(4 1PF P D) = —f(x+ 1)+ (x +17

Ox+1C
=—f()—1+2+2X%+1
Hence f(x)+x% = (x+ 1¢f Bx_-lrl@
=—f(x) +X¢+ 2;

2f(X) =2x b f(X) =x.

Takingx =0 in (i) we gef(0) = 0; so (ii) gives 0 {—1 + 1) =f(-1) + 1b f(-1)
=—1. Hencé(x) =xfor allxin R.

7. In an acute-angled triangheBC, DA = 30°,H is the orthocentre, ard
is the mid point oBC. On the lineHM, take a poinf such that

HM =MT. Show thaAT=2BC.

Soln: The diagonol8C andTH

of the quadrilateraBTCHare A
bisected aM. HenceBTCHis a

parallelogram. SincEH”~ ABand

CH||TB, we havelB™ AB.

Similarly TC” ACsinceBH" AC.

Thus the circle oAT as diameter

passes througB andC. This is the “
circumcircle of triangleABC. If R B C
is its radius then m'



AT=2R,BC=2RsinA=2Rsin 30° =R
Hence
AT =2BC.

Alternately. We can assume that the circumcentrBABCis at the origin.
If Ris the circum radiug§C=2RsinA=R AlsoifZ , Z,, Z, are complex
numbers representiny B, C respectively thad, +Z, + Z, representst

Zr,+Z
andM is % If t respresents,

t4Z1+ 2,425 Zp+2
then —— 22 2= 22 Sp t=-Z b AT=2R=2BC.

8. Show that there are infinitely many paies [) of relatively prime
integers (not necessarily positive) such that both quadratic equations

X¥+ax+b=0
and

X+ 2ax+b=0
have integer roots.

Soln: Sinceb is the product of roots of the quadratics, it must be express-
ible as a product of integers in two different ways. So let us tiy for
numbers of the formmvw. Suppose that

u+tvw=a, uv+w=2a
Then 21+ 2vw=uv+w; w(2v— 1) =u(v— 2). This will be satisfied if
u=2v-1,w=v-2whereris any integer. I =n this gives
a=(2n-1)+n(n—2) =n?-1,
b=nh-2)(-1) (1)
If aandb are chosen like this, then the roots of the first equation are
—u=—(n-1), vw=-n(n-—2);
those of the second equation are
—uv=-n(2n-1), w=—-n-2).
These are integers. Saifindb are relatively prime then the conditions are

fulfilled. Let p be any prime number dividirg= (n— 1) i + 1). Ifp
dividesn — 1, therp does not divide any of the numbers:

n-1+1=n, n-1-1=n-2, 20-1)+1=2-1;
hencep does not dividd. Suppose thai dividesn + 1. Therp does not
divide

n+l1-1=n, n+1-3=n-2, 20+1)-3=2-1,



providedp?! 3. If n+ 1 is not divisible by 3 this requirement also is satisfied.
Soaandb cannot have a common prime divison is any integer of the

form 3k or Xk + 1, wherek is any integer. Thus there are infinitely many pairs
(a, b, given by (1), whera + 1 is not divisible by 3, satisfying the given
conditions.

If n+ 1 is divisible by 3, and, bare given by (1) theais divisible by 3 and
b is divisible by 9. It can be seen that3; b/9) will satisfy our conditions.
Clearly, if @, b) satisfies the conditions, thend;b) also will satisfy the
conditions.

9. Show that the number of 3 element subsets, cof 1, 2, 3, .. ., 63
with a+b +c < 95 is less than the number of those withb + ¢ > 95.

Soln: Consider the sumes+ b + ¢ of all 3 element subseds b, cof

S={1, 2, 3, ...63}. Divide the class of all 3 element subsefirib four

classes I, II, Il and IV according as their sums are less than 95, greater than
97, equal to 96 or 97 and equal to 95 respectively. ToAadh, b, ¢ of

class | associate a subget= {a,, b, ¢} wherea = 64 —a, b, = 64 -b,

c,=64—c. Thena, +b +c =192 - &+b +c)>97; hencé belongto

class Il. It is clear that distinct sets in class | are associated with distinct sets
in class Il. So class Il contains as many members as class I. Class Il is not
empty since {31, 32, 33) belongs to it. Hence the classes Il and Il together
contain more subsets than class I. This completes the proof.

10. LetABChbe a triangle and a circ@ be drawn lying inside the
triangle, touching its incircl& externally and also touching the two sides
AB andAC. Show that the ratio of the radii of the circ®sandGis equal

ta an? BT[_—AE

04 C
Soln: Letr, rébe the radii, and | ¢be the centres @, @ respectively. Then

Hence




r-r

-’
SinA/2 _r-r"

1 r+r'’

1-sinA/2 (r+r')—(r—r’):27r’
1+sinA/2 ~ (r+r)+(r—-r") 2r

r' _ 1-cos(i/2-A/2)

r  1+cosfu2-A/2)
25inzﬁﬂﬁ
g4 ¢C
Zcoszﬁn;pﬁ
4

This proves the result.



